Abstract. In this paper, we establish some further results on tropical compactifications. We give an affirmative answer to a conjecture of Tevelev in characteristic 0: any variety contains a Schön very affine open subvariety. Also we show that any fan supported on the tropicalization of a Schön very affine variety produces a Schön compactification. As an application, we show that the moduli space of six points of P 2 in linear general position is Hübsch. Using toric schemes over a discrete valuation ring, we extend tropical compactifications to the nonconstant coefficient case.
Introduction and statement of results
Compactification problems play an important role in algebraic geometry. Tropical compactification is introduced and developed by Tevelev in [12] as certain nice compactification for subvarieties of tori. This is applied to the study of compactification of moduli spaces of del Pezzo surfaces in a subsequent paper [3] . Our motivation for this paper comes from an attempt to solve the following problem using the idea of tropical compactification.
Conjecture 1.1 ([5]
). The Chow quotient compactification X(3, n) has log canonical singularity and is the log canonical model of X (3, n) when n = 6, 7, 8, where X(r, n) is the moduli space of order n hyperplanes in P r−1 in linear general position.
1.2.
We recall some basic terminology of tropical compactification [12] . Let Y ⊂ T be a subvariety of an algebraic torus over an algebraically closed field k. Let X(Δ) be a toric variety containing T and let Y be the closure of Y in X(Δ). We say Y is a tropical (resp. Schön) compactification if Y is proper and the structure map T × Y → X(Δ) is flat (resp. smooth) and surjective. Tevelev [12] that any variety contains an open very affine Schön subvariety. We show that this is true assuming char k = 0. 
Theorem 2.5 ([3]). trop(Y ) is the union of all σ S , where S runs over all collections of boundary divisors with nonempty intersection.
Remark 2.6. The collection of σ S does not form a fan in general. In the proof of Theorem 1.4, we search a nice compactification whose geometric tropicalization produces a fan with simplicial cones.
Remarks 2.7. In Theorem 2.5, the requirement for the boundary being a simple normal crossing can be weakened. In fact, when Y ⊂ Y is a toroidal embedding without self-intersection (as defined in [6] Proof. Without loss of generality, we can assume T in → T is surjective. Let Δ be a Schön fan supported on trop(Y ) ⊂ N T ⊗ Z Q, and let Δ be any fan supported on the intrinsic tropicalization trop(Y ) ⊂ N T in ⊗ Z Q such that the induced map Δ → Δ is a fan map. Letting Y and Y be closures in X(Δ) and X(Δ ) respectively, we have a fibre diagram We may use Y lc to get a fan structure on the intrinsic trop(Y ) (Remark 2.7). Note that in Theorem 2.5, these cones do not necessarily form a fan, but here they do if we ignore repeated cones because the images of these cones in N T ⊗ Z Q form a fan, and 1-dimensional cones map to 1-dimensional cones. Call this fan Δ lc . Then the closure of Y in X(Δ lc ) recovers Y lc .
Embedding into toric varieties
We prove Theorem 1.4 in this section. Now assume char k = 0. It suffices to prove the theorem for a smooth variety Y . Our strategy is to first compactify Y so that the compactification Y is a smooth projective variety and the boundary Y \Y is a simple normal crossing divisor. We then study how to embed Y into a toric variety X with a one-to-one correspondence between the strata of Y and the toric strata of X and with a smooth structure map. Certain requirements have to be imposed on the log structure of Y (Theorem 3.1). These requirements are achieved when we add more generic hyperplane sections to Y .
The problem of embedding an arbitrary variety (possibly singular and nonprojective) into some toric variety is studied in [13] . Embedding a variety into a given toric variety is equivalent to giving a compatible log structure. Our proof has a similar flavor. We also notice that in [3] , the authors obtained some similar requirements using the quotient of affine conoid technique, but only applicable when the Picard group Pic Y is a free abelian group of finite rank.
Let Y ⊂ Y be a (partial) smooth compactification with simple normal crossing divisorial boundary B = i∈I D i . We have a stratification induced by B, where a stratum is defined by j∈J D j − i∈I\J D i for a subset J ⊂ I; when J = ∅, the corresponding stratum is the open complement Y = Y \B. We don't require each stratum to be irreducible. This is a little different from the definition in [6] where a stratum is an irreducible component of our stratum here, but it is more convenient for our purposes for avoiding repeated cones in the geometric tropicalization. 
i.e., m extends to a unit on Star(S). Letting S be any stratum, we have
In either case, this m satisfies condition (2) of Theorem 3.1.
To verify condition (3), let S, S be any two strata. For each D ∈ D S \D S , as in the above argument, we can find (3) 
Intrinsic property of Schön varieties
We will prove Theorem 1.5. Let Y ⊂ T be Schön, and let Δ be any fan supported on trop(Y ). Let Δ be a refinement of Δ such that Δ is Schön. Denote Y and Y to be the closures of Y in X(Δ) and X(Δ ) respectively. We have a commutative diagram,
The first step is to show that the left square is a set-theoretic Cartesian diagram, and so is the right square (Theorem 4.4). Proof. Let T → T be a homomorphism of tori corresponding to
Lemma 4.2. Let Y ⊂ X(Δ) be a tropical compactification, W ⊂ X(Δ) an orbit closure, and Z = Y ∩W . Then Z is equidimensional and each irreducible component intersects the open orbit in W .
Proof. By pulling back the structure map, we see that the structure map of Z in W is also flat. By the openness of flat morphisms, each irreducible component of 
Lemma 4.3. With the notation and assumptions as in Lemma 4.2, if p : X(Δ) → X(Δ ) is a proper toric map, then Z is preserved by T W , where T W is the relative torus of W → p(W ).

Proof. Since
Z ⊂ W is a tropical compactification of Z ∩ O, trop(Z ∩ O) is
Theorem 4.4. Let Y ⊂ T be a closed subvariety, Y ⊂ X(Δ) a tropical compactification, p : X(Δ) → X(Δ ) a proper toric map. Then we have a commutative diagram
Y / / X(Δ) p Y / / X(Δ ),
where Y = p(Y ), and then Y is a set-theoretic inverse image of Y under the map X(Δ) → X(Δ ). This applies in particular to the case when Δ is a refinement of Δ .
Proof. We show that if 
Proof. Letting y ∈ Y (k) be a closed point, we show that f is smooth at y . 
is a closed subscheme of j −1 (G) with the same support, and is smooth over G; thus we have f 
,y is a regular system of parameters since f −1 (f (y)) = F red . By Lemma 4.7, ϕ isétale at y; thus ϕ isétale in a neighborhood of Y y .
Since p has connected fibres, Y → Y is a homeomorphism of the underlying topological spaces; thus there is a uniqueỹ ∈ Y lying over y and ϕ is alsoétale in a neighborhood of Yỹ. We have ϕ −1 (X x , 0) = Y y , so applying Lemma 4.8 for 
and the formal function theorem for proper maps Y → Y and X ×
is faithfully flat, and ϕ is also geometrically regular since the geometric fiber of the closed point is a reduced point; thus ϕ is smooth of relative dimension 0, henceétale.
Proof. Let I and J be the ideal sheaves of Z and W respectively.
and we have a morphism W n → Z n for each n > 0 and it is an isomorphism for n = 1. It follows that W n → Z n is a homeomorphism for the underlying spaces and isétale. Z is defined by a nilpotent ideal in Z n , by the formal property ofétale,
W n → Z n admits a section, and then it follows that this is an isomorphism.
The following theorem is an immediate result. A fan Δ is called convexly disjoint if any convex set contained in |Δ| is contained in some cone of Δ. If Δ is convexly disjoint, it is clearly the minimal fan structure on the support. Moreover, it has the following property: for any σ ∈ Δ, Star(σ) is not preserved by any translation. 
Since X(Δ ) → X(Δ) has connected fibres, we conclude that Y ∩ O σ is connected for all σ ∈ Δ except maximal cones. Thus Y ∩ O σ is irreducible and log minimal by the fact that Star(σ) is not preserved by a translation and Theorem 2.10. By [3] , Theorem 9.1, Y (Δ) is the log canonical model.
5.
The log canonical model of the moduli space of six points in the projective plane in general position
We regard X = X (3, 6) as the space of six general position points in P 2 and note that X carries a copy of M 0,6 , the subvariety consisting of arrangements for which all points lie on a conic. Away from M 0,6 , blowing up the six points determines a degree 6 del Pezzo surface S together with a canonical marking of its (−1)-curves induced by the blow-up model of S. In particular, the complement Y = Y 6 = X \ M 0,6 may be identified with the moduli space of marked, smooth del Pezzo surfaces of degree 6, and the root system E 6 may then be realized as
with positive roots
2 and e i is the class of an exceptional divisor. We will often write I for a root of the form α I .
W (E 6 ) acts on Y and in these given coordinates on E 6 , Y ⊂ X is S 6 ⊂ W (E 6 )-equivariant. We will make significant use of Naruki's compactification Y of Y [7] and results in [3] . We recall the following results. In what follows, we identify a root system with its positive roots and will often use the same notation to refer to a root system, the associated ray of Δ Y and the corresponding divisor. We will need an explicit description of Δ Y . The maximal cones of Δ Y are spanned by the following rays:
For
Note that (ij)(kl)(mn) = (kl)(mn)(ij) = (mn)(ij)(kl). The description of Δ Y is calculated explicitly in [7] . [3] , 5.7, 6.7, 9.14).
5.6. We will also need a list of D 4 ⊂ E 6 . There are two types. Let U β be the toric variety determined by the ray β and let Y β be the closure of Y in U β .
Lemma 5.7. Y β is isomorphic to X.
Proof. Let D be the boundary divisor X\Y , since X is very affine, by Proposition 3.1, it suffices to show that val D = φ(β) in N Y , which is identified with N (Δ). This can be done by an explicit calculation.
Note that if m = α∈Δ + n α α ∈ M (Δ) and Θ ⊂ Δ is a subsystem, then φ(Θ), m = α∈Θ∩Δ + n α . Recall that the identification M (Δ) = M Y is obtained as follows:
the units of X (Δ), is
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use 
We have β, f ijk = 0 and
We have β, f c = 1. This verifies the lemma. 
The top arrow is injective. We claim that the bottom arrow is also injective, or equivalently β / 5.9. We again use (ij), (ijk), (ijk) (lmn), (ij)(kl)(mn) for the image of these in N X . We verify the following two relations by a direct computation in every projection N X → N (D(abcd|e)).
(1) (ijk) (lmn) = (ijk) + (lmn) in N X .
(2) (ij)(kl)(mn) + (ij)(kl)(mn) = (ij) + (kl) + (mn). Recall that for an A ×3 2 type subsystem Θ ⊂ E 6 , ψ(Θ) is divisible by 3. Here (ijk) (lmn) and (ij)(kl)(mn) mean the valuation lattice points of the corresponding divisors, which are is the single cone spanned by (ijk), (lmn), (ij), (lm), and the two cones spanned by (ij)(kl)(mn), (ij), (kl), (mn) and (ij)(mn)(kl), (ij), (kl), (mn) span a single cone (ij)(kl)(mn), (ij)(mn)(kl), (ij), (kl), (mn), which we call a bipyramid cone. Let Δ X be the fan with the above combined cones and other cones in Δ .
Remark 5.10. Note that (ijk) (lmn) is no longer a ray in Δ X (10 of these). By counting numbers, we see that Δ X has 65 = 76−10−1 rays, 990 simplicial maximal cones and 15 bipyramid cones. We recovered the description of the tropicalization of G (3, 6) in [11] by a geometric method. Proof. Let σ ∈ Δ X be a maximal cone. We consider the following 3 cases.
(1) σ is not a combined cone, and the inverse image in Δ Y is a maximal cone σ which maps isomorphically onto σ.
where τ is the image cone of τ .
For cases (2) and (3), we first check that σ → Δ 4 is a fan map for each D 4 ⊂ E 6 not containing β. For case (1), it is clear that S is very affine since S is also a stratum in S . We first assume that σ S is a ray. Then σ S is of the form (ijk) or (ij)(kl)(mn), and S is isomorphic to M 0,6 or M To show that r is a surjection, we make a W (E 6 ) action which sends (ijk) to β and β to some (i j k ). Then S is sent to D = X\Y , which is identified with the locus where 6 points lie on a conic. We need to show that β,
is a surjection. A D 4 cross ratio of the form D(abcd|e) corresponds to the morphism X → M 0,4 defined by the four points a, b, c, d on the conic passing through  a, b, c, d , e. This is explicit in the proof of [3] , Theorem 6.6. Thus the extension map restricted on D = M 0,6 is forgetting e and f , where f is the 6th point. It is well known that these units generate the units on M For dim σ S > 1, one of the rays of σ S is of the form ρ = (ijk) or (ij)(kl)(mn). Letting Z be the corresponding stratum, we view S as a stratum of the closure of Z, which is a Schön compactification (either M 0,6 or M ×3 0,4 with the usual stratification). Thus S is embedded in the corresponding torus orbit of rank rk 
Assume S is very affine, the existence of a unit on Y with valuation 1 on β and
Finally we need to show that S is very affine. First assume codim S = 1. Then σ S is either (ij) or (ijk) (lmn). If σ S = (ij), then S ⊂ M 0,6 , removing all boundary divisors except the divisor corresponding to β, which is a divisor of type M 0,5 . If we identify this divisor with n pointed stable rational curves of type {1, 2, 3, 4} {5, 6}, X(3, 6) is Hübsch, and Δ X is the log canonical fan. The log canonical model X lc is smooth with simple normal crossing boundary divisor outside of 15 isolated singularities which form a single S 6 -orbit. Locally analytically, each singularity is isomorphic to C(P 1 × P 2 ), the cone over
is obtained by 10 divisorial contractions and 15 small contractions.
Proof. By Proposition 5.8 and 5.12, X ⊂ Y satisfies the assumptions in Theorem 3.1; thus Y is a Schön compactification of X in X(Δ ). Y ∩O σ is connected for any σ ∈ Δ by the explicit description of boundary divisors of Y . By Theorem 5.11, Δ X , supported on trop(X), is convexly disjoint. By Theorem 4.9, we conclude that X is Hübsch. Other statements are clear from the description of Δ X .
Toric schemes over a discrete valuation ring
In order to extend tropical compactification to the nonconstant coefficient case, we need to introduce the notion of toric schemes over a discrete valuation ring. This has first appeared in Mumford [6] in an effort of extending the semi-stable reduction theorem. Smirnov [9] constructed toric schemes from certain polyhedra (his so-called admissible polyhedra). We observe that a simple construction is just by pulling back a toric map X(Δ) → A 1 k to the spectrum of the local ring at 0. We shall also compare a toric scheme (with the same combinatorial data) in various ring extensions since we ultimately intend to study a subvariety Y ⊂ T over the field of Puiseux series.
First let's fix some notation: (R, m, k) is a discrete valuation ring with m the maximal ideal, k the residue field, and K the quotient field; assume k ⊂ R ⊂ K. Let K be the algebraic closure of K. We write SpecR = {η, s}, where η is the generic point and s the closed point. For any scheme X over Spec R, we use X η and X s to denote the generic fibre and special fibre respectively. We fix t ∈ m\m 2 , a uniformizer. Our main application would be that k is an algebraically closed field of characteristic 0, K is the algebraic closure of k(t), i.e. the field of Puiseux series over k, and K = k((t 1/n )) for some n > 0.
Definition 6.1. A (normal) toric scheme over R is an integral normal scheme X together with a map X → Spec R which is separated and of finite type, such that it contains the torus T K in its generic fibre X η and there is a group scheme action T R × R X → X which extends the left multiplication of T K on itself.
To construct a toric scheme, we need the following data. Let N be a lattice of rank n, N = N ⊕ Z, Δ ⊂ N Q a fan such that pr 2 (Δ) ⊆ Q ≥0 . We call such a fan an admissible fan and cones in it admissible cones. This gives a toric morphism of ordinary toric varieties X(Δ) → A This construction is essentially the same as in [6] . We shall describe O(X σ ) explicitly for σ ∈ Δ. Let M and M = M ⊕ Z be the dual of N and N respectively. For a lattice point m ∈ M , we write m = (m, s) where m ∈ M and s ∈ Z, and let e = (0, 1) ∈ M . Note that for any admissible cone σ, e is contained in its dual cone σ ∨ . If we write S σ for the monoid σ we refer the reader to [6] IV §3 for basic properties of X(Δ) which are analogous to ordinary toric varieties; for example the one-to-one correspondence between toric orbits and cones, the correspondence of T -linearized invertible sheaves and piecewise linear maps |Δ| → Q, etc. We give a brief proof of the following properties of X(Δ) since they are not included in [6] and are sort of special for toric R-schemes. 
Proof.
(1) follows easily from the pullback construction of X and the toric orbit structure of the ordinary toric variety X(Δ).
Letting O σ and V σ be the usual toric orbit and orbit closure of X(Δ), it is easy to check that O σ and V σ are obtained via the base change X → X(Δ). For (2), note that the rational function 
, where the effect of modulo 
The effect of this tensor product is just introducing 1 d e in S σ ; i.e., if S is the monoid generated by S σ and
The effect of normalization is saturating S , which is S σ [d] .
]. This is because S (the monoid generated by S σ and
Tropical compactification in nonconstant coefficient case
We first define tropical and Schön compactification for Y ⊂ T over a field with discrete valuation and establish parallel results as in the constant coefficient case. With the notation as in the previous section, let Y ⊂ T K be a subvariety. trop(Y ) in this case is taken to be the tropicalization of
Note that trop(Y ) sits inside N Q and define T (Y ) to be the closure of the set 
where u runs over all valuations trivial on R * and nonnegative on R. Letting Δ ⊂ N Q be an admissible fan, X(Δ) the corresponding toric scheme over R, Y the closure of Y in X(Δ), we make the following definitions. Remark 7.3. Since X(Δ) has reduced fibre and Y has a smooth structure map, K X and K Y are well defined. We have K X + B X = 0, and by the adjunction formula,
Proposition 7.4. Y is proper over R if and only if |Δ| ⊃ T (Y ). If Δ is a tropical fan, then |Δ| = T (Y ).
Proof. This can be proved following the same idea as in the constant coefficient case in [12] . Here we proceed with a new proof using the BG-set definition and valuative criterion. 
Proof. The proof is the same as in the constant coefficient case [12] using the fibre diagram in Proposition 7.4.
Proposition 7.7. Tropical compactifications exist for any subvariety
Proof. The proof is the same as in the constant coefficient case using Kapranov's visible contour construction and Laforgue's transversality argument. We have proper birational maps p 1 : X := X(Δ ) → X := X(Δ) and p 2 : X → X := X(Δ ).
Let Z, Z and Z be the orbit closures of V α , V σ and V α in X, X and X respectively. Note that σ is not contained in N since it's a maximal cone in T (Y ), and consequently the same holds for α and α ; hence Z, Z and Z are all on the special fibre, in particular, are all normal toric varieties over k.
Z is isomorphic to a torus T k . The induced morphism p 2 : Z → Z is a proper toric morphism of relative dimension 1; thus Z ∼ = Z × k P We may assume Y is regular. By Hironaka's resolution theorem and Mumford's semi-stable reduction theorem, there is a compactification Y , possibly over a ring extension R ⊂ R[t 1/d ], which is regular with reduced special fibre and simple normal crossing boundary divisor. Thanks to the following lemma of a relative version of Bertini's theorem, the above conditions can be achieved by adding more generic hyperplane sections as in the proof of Theorem 1.4. 
